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(N : 

O ' We study the instanton equation of the supersymmetric CP N_1 sigma model on 

, non(anti)commutative superspace in two dimensions. We show that the undeformed in- 

• stanton equation is consistent with the deformed equations of motion. Then we conclude 

' that the instanton equation is not deformed by superspace non(anti)commutativity. 

<n ; 

■ §1. Introduction 

> : 

Studies of strings with non-trivial classical values of its field components have 
brought about new development in quantum field theories. If one allows some of the 
field components to posses background values on D-branes, one obtains new classes 
of quantum field theories in the low energy limits of string theory. They have novel 
features due to the non(anti)commutativity (NC) properties of spacetime coordinates 
or superspace coordinates. Superstring theory with its graviphoton field in the R-R 
sector having a self-dual background value gives rise to supersymmetric Yang-Mills 
theories with AT = 1/2 supersymmetry as an effective field theory, 1 ) providing a good 
realization of the NC superspace considered in different contexts some time ago. 2 ) 
' NC field theories and SUSY field theories on NC superspace (field theories with 

deformed SUSY) have properties quite different from the usual field theories, and 
they need to be examined, in comparison with their commutative partners. Per- 
turbative properties of SUSY field theories on NC superspace have been studied 
extensively in the last few years. Positive results have been obtained concerning the 
renormalizability of the model. 3 )~ 5 ) 

One non-pertubative issue in deformed SUSY field theories is whether and how 
its instanton equation is modified from that of the usual SUSY field theories. This 
question has been studied in the case of super Yang-Mills theories in d=4, and the 
modified self-dual equation has been derived, 6 ) and is extended to the NC deformed 
M = 2 SUSY case. 7 - 1 The solutions to this new self-dual equation have also been 
studied. 8 ) 

M = 2 SUSY CP 1 *- 1 models in d=2 share many nice properties of super Yang- 
Mills theories and it allows exact treatment. In view of this, we have constructed 
extension of the SUSY CP N ^ model to NC superspace. )' ) The usual CP 
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model has a few interesting properties: It is integrable classically 10 - 1 and its multi- 
instanton solutions are known. It is of interest to see whether these nice features are 
preserved after extension to NC superspace. 

In this letter we wish to examine the question of whether and how the instan- 
ton equation is modified when we extend Af = 2 SUSY CP N_1 model in d=2 to 
NC superspace. In Yang-Mills theory, construction of multi-instaton solutions and 
integrability of its self-dual sector are apparently related. 11 ) It is of interest to look 
into the integrability question of the deformed SUSY CP N ~ l model from this view 
point. This question will be studied in the forth coming paper. 

§2. Instanton equation for Af = 1/2 Super Yang-Mills Theory 

To the purpose of studying how the instanton equation may be modified in the 
deformed Af = 2 SUSY CP N_1 model in d=2, it is useful to look at the modified in- 
stanton equation in the deformed super Yang-Mills theory. We begin by summarizing 
the result of the latter case. 6 ) 

In four dimensions, the non(anti)commutativity is introduced to Af=l super- 
space by deforming the commutation relations for superspace coordinates (x^, 6 a ,9 a ) 
as 1 ) 

{0« e p } = c al3 , {e a , §* } = {e & , e?} = o, (2-i) 

The Lagrangian of Af = 1/2 super Yang- Mills theory is then given by 

C N= i YM = it j d 2 6tiW a W a -if J d 2 9W d Wa 

+{ir - if) (-iC^txF^XX + i^tr(AA) 2 ) , (2-2) 

where = C a( ^e^(a^)l, |Cf = C^C^. W a and W& are the field strength su- 
perfield. r and f are the gauge coupling constants. The above Lagrangian in the 
ordinary sense is invariant under the following Af = 1/2 supersymmetry transforma- 
tions. 



8\ = ieD + a^e[F^ + -C^\\), (2-3) 



SAn = -iXa^e, SD = -ea^D^X, 5X = 0. 

The other half Q of Af = 1 SUSY is broken. 

The usual Af = 1 super Yang-Mills theory possesses instantons, which are solu- 
tions to the set of anti-self-dual equations, 

F+=0, a^D^X = 0, A = 0. (2-4) 

They also satisfy the equation of motion. After extension of the super Yang-Mills 
theory to the NC superspace, we may define instantons as solutions to eq. (|2-4|) . 
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However, they are not solutions of the equation of motion any more. This apparent 
contradiction should be resolved by modifying the instanton equation for the super 
Yang-Mills theory. 

The correct modification was found by Imaanpur 6 ) and Britto et al 8 ) by consid- 
ering the BPS condition. It reads as follows. 
The anti-self-dual equation is deformed and reads as 

^ + ^AA = 0, a»D^X = 0, A = 0. (2-5) 

The self-dual equation is not modified: 

F~ v = 0, <t^A = 0, A = 0. (2-6) 

It is easy to see that solutions to eqs. (j2-5j) or ()2-6(l are also solutions to the 
equations of motion, which are given by 

D^F^ + iC^XX) = D^F- U + ~C^\\) 

D»(f+ + Z -C^\\) = 0, (2-7) 



\ " 2 

aXDpX = -C^\(F+ + ^;,A\. ) 
a^D^X = . 



§3. Lagrangian of the CP model on NC superspace 

SUSY CP N ~ 1 model in d = 2 can be obtained from that in d = 4 by dimensional 
reduction. 12 ) The same method can be used to obtain the CP N ~ l model on NC 
superspace in d = 2. 9 ) 

We denote the sets of scalar and Dirac fields by ip a , (p a and x a > X a ( a = 
1, 2, • • • , N — l) respectively. The Lagrangian of the CP N ~ l model on NC superspace 
in d = 2 is written in terms of the component fields as 

C = C + C C , (3-1) 

Co = g a id^ a d^ 1 + ig a ix b ^D, x a - \R alc M h ^x a ){x d °»x% (3-2) 

£c = Qaig^xUX ~ C 22 X a _x<L)e^(d^)(d u ^). (3-3) 

Here x+iX- are the two components of the 2D spinor \ a - is the undeformed 
part, namely, the usual SUSY CP N ~ 1 Lagrangian. 13 )> 14 ) £ c is the new term due to 
superspace non(anti)commutativity. g a i is the Fubini-Study metric on CP N ~ X . rg c 
and R a i c d are the Christoffel symbol and the Riemann curvature tensor, respectively. 
F>nX a is the covariant derivative. They are given by 



(! + W)5gb ~ <Pa<Pi 
(1+W) 2 

I& = gP I d b g cSt (3-5) 



9ab ~ n , .-...\2 ' ^ -4 J 
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D, X a = d^x a + md^ h )x c , (3-6) 
R alcd = -9aedc{g fe d^g f i) = g ai g cd + g a gg- h . (3-7) 

§4. Instanton equation for CP N_1 model on NC superspace 

We introduce the complex coordinates 

z = x° + ix 1 , z = x° — ix 1 . (4-1) 
We write d = d z and d = d z . The antisymmetric tensor is written as 

e zz = € K = 0) e ** = _ 2ij e ^ = 2i. (4-2) 

The original self-dual equation and anti-self-dual equation can be written in terms 
of the complex coordinates (|4-l(l as follows. 
Self-dual equation: 

5^ = 0^ = 0, D zX a _ = Dzxl = 0, X+ = X^ = 0. (4-3) 

Anti-self-dual equation: 

dip a = 3^ = 0, DzX a + = D zX ±=0, X- = X% = 0- (4-4) 

We now study the equations of motion. Let Q be one of the fields (p a , (p a , x+i 
X- )X+> The equation of motion for CP N ~ l model on NC superspace is written 
as follows 

dC dC dC Q dC \ / Q dCc dCc 



^a(fyfl) 5^ ~ v^d^n) do ) + v^d^n) dfi)~°- (4 ' 5) 

The instanton solution before the deformation is a special solution for the equation 
of motion of Cq part. Then we have 



= 0. (4-6) 

instanton 



§5. Equation of motion of Cc Part 

We now deal with the second term in eq. (|4-5|) . The factor of derivative of (p in 
C c is 

e» u {d^ b ){d v ^) = 2i(dCp l d(p d - d(p l 8q> d ). (5-1) 
Cc can be rewritten as 

C C = E cF 9aj,9 c dXU C F df>W, (5-2) 
F=+- 

where we have set C + = AiC 11 , C~ = —4iC 22 . We analyse the equations of motion 
for each of the scalar and fermion fields, ip a , (p a , x+> X->X+> X-> which we denote 
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by Q collectively. 

We first consider the case of fi = (p a . 
dC c 







d(dcp s 



E cF X a FX c F [g a Wc-e{dd^) + ( 5ce -%u + g al B- igc ,)(d^){d^) 
F=+- 

+ E C F g al g c ^{d X a F + d^-rt m x^)XF 

F=+- 



(5-3) 



0- 



dC 



c 



E cF XfXf 



9ae9 c d(ddip d ) + {g c ddT9ae + 0ae% c d) ( V) 

+ E C F g a - e g ci [{d XF + dv l -r? mX y) XF 

F=+- 

+X a F0X F + d<p l ■ rf mX F)l {d(p% (5-4) 



^r = E C F d s (g ah g c3 )- XFXF (d^)(d^ 



(5-5) 



From eqs. (|5-3|) - (|5-5|) and after changes of dummy indices, we obtain 
dC c dC c 



E C F x F XF[di(9a- b 9c S ) + B- b (g as9cI ) (5-6) 



+ (9ab9ce - 9ae9 c l) C + D zX % • X^ 6 + C_L» zX - " X^ 



-C+Z^ • X^ - C_^ X - ' X- V 

We note that all terms in eq. (|5-6j) contain factors (they are underlined) which vanish 
by use of the SD equation (|4-3|) , Hence, we have derived 



dC c dC 



c 



SD eq. 



0. 



(5-7) 



For the other fields Q = (p a , x" , X-i X+i X-j £c does not contain d^Q. Hence, their 
equations of motion are 



dC c dC c 







d(df,f2) dQ 



(dq> h ){dy d )— E G F g aWcgXFXF . (5- 



Because of the factor dip d , the same equation as (|5-7|) holds. 
We now have shown 

dC c dC c ^ 



SD eq. 







(5-9) 
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for all fields. It means that the original instanton solutions are solutions to the 
equation of motion of the CP N ~ l model on NC superspace. The same statement 
can be made for anti-instantons. 

Our result that the undeformed instanton equation is in accord with the de- 
formed equation of motion is in clear contrast with the super Yang-Mills case and 
is surprising at first sight. We recall that the Af = 1/2 supersymmetry transfor- 
mation for the NC deformed super symmetric CP N_1 model is not affected by the 
non(anti)commutativity C a @ 7^ 0, 9 ^ unlike the the super Yang-Mills case, eq. (|2-4|) . 
The absence of corrections to the instanton equation due to the deformation in the 
super symmetric CP N ~ l model is related to the absence of corrections to the SUSY 
transformation due to C a/3 . This is because the instanton equation is a BPS equa- 
tion. 
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